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Role of radiation in stellar atmospheres

# source of information about star and stellar atmosphere

# influence on matter in stellar atmosphere

» non-local (long distance) interaction (photon mean
free path > particle mean free path)

» change of the population numbers (non-equilibrium
values)

s radiatively driven stellar wind
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Basic equations

$ assume
s static atmosphere (v = 0)
s stationary atmosphere (0/0t = 0)
s 1-dimensional atmosphere
s given temperature structure 7T'(7)
s given density structure p(7)

# equations to be solved (numerically):
» radiative transfer equation
s equations of statistical equilibrium
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Basic equations

# assume
» static atmosphere (v = 0)
» stationary atmosphere (0/0t = 0)
» 1-dimensional atmosphere
s given temperature structure 7'(7)
s given density structure p(7)

#® equations to be solved (numerically):
s radiative transfer equation
s equations of statistical equilibrium

Non-LTE line formation for trace
elements in stellar atmospheres

Nice, France 30 July - 4 August 2007
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Basic equations

$ assume
s static atmosphere (v = 0)
s stationary atmosphere (0/0t = 0)
s 1-dimensional atmosphere
s given temperature structure 7T'(7)
s given density structure p(7)

# equations to be solved (numerically):
» radiative transfer equation
s equations of statistical equilibrium

#® account for
s full angle and frequency dependence (I (i, v) = 1,,,)
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Radiative transfer equation

p ) 2 (@) () = 30 [S0(2) — L)
n,(z) — emissivity
(=) - opacity

S, (z) = 2 _ source function
Xv(2)
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Radiative transfer equation

dl,.(z)
a dz

= M(2) — Xv(2) L (2) = Xxv [Su(2) — Luw(2)]

iIntroduce

dr, = —x, dz — optical depth

J, =% [ 1, du— mean intensity

K, =3 f_11 L dp

f, = K, /J, — variable Eddington factor (Auer & Mihalas 1970)
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Radiative transfer equation

dl,.(z)
a dz

= M(2) — Xv(2) L (2) = Xxv [Su(2) — Luw(2)]

iIntroduce

dr, = —x, dz — optical depth

J, =% [ 1, du— mean intensity

K, =3 f_11 L dp

f, = K, /J, — variable Eddington factor (Auer & Mihalas 1970)

2nd order equation

d* [fv(2)Ju(2)]

= J,(2) — S,(2)
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Radiative transfer equation

2nd order equation

d? [fu(2)Ju(2)]

2
drs

= Ju(2) — Su(2)

+ boundary conditions

d[fu(jl;]u(z)] = g,(z) — H; upper
d[fu(jgu(z)] — HY 4+ g(2) lower

_ Jo pUh =T ) dp
Jgv = 7,
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Radiative transfer equation

opacity
= 23 [ G et + 32 (ns e H ) o)+
o > nencars(v,T) (1— e ) 4 neo
:
emissivity
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Radiative transfer equation

opacity
W= 3 [t - Zni ] au) + 3 (= nie ) o)+
: [
1 I[>1 i
Znenkakk(v, T) (1 — e‘Z—”) + N0
k
emissivity

2hV [ZZHZ —ozzl + Zn ozzk Z—”

1 >
_ hy
g Nengaxk (v, T)e” *T
k
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Equations of statistical equilibrium

in LTE: nf = f (n.,T") — Saha-Boltzmann distribution
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Equations of statistical equilibrium

outside LTE: n; = f (ne, T, J,,) — statistical equilibrium

fori=1,...NL

> Am[Rii+ Cii) = ni (R + Cq)} = 0
I£i
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Equations of statistical equilibrium

outside LTE: n; = f (ne, T, J,,) — statistical equilibrium
fori=1,...NL

> Am[Rii+ Cii) = ni (R + Cq)} = 0

I#i

collisional rates
niCy = nineqy (T),
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Equations of statistical equilibrium

outside LTE: n; = f (ne, T, J,,) — statistical equilibrium
fori=1,...NL

> Am[Rii+ Cii) = ni (R + Cq)} = 0

I#i

radiative rates

niRil — nz47T/ Oéil(y) Jy dv
hv

: . 2h 3
n Ry, = nl&47r/ Ozw(v) ( 2V + Jy) dv
gj hv c
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Equations of statistical equilibrium

outside LTE: n; = f (ne, T, J,,) — statistical equilibrium

fori=1,...NL

> Am[Ri(Jy) + Cii] — ni (Ri( ) + Cig)} = 0
£

radiative rates

hv

: . 2h 3
n Ry, = nl&47r/ Ozw(v) ( 2V + Jy) dv
gj hv c

niRil — nz47T/ Oéil(y) Jy dv
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Final radiative transfer equation

d? [fu(2)Ju(2)]

= J,(2) — Su(z, Ju)

2

dr;
SV — n_y
Xv

K, 1
fv:J— (KV:/1'LL2LWd'u>

Xv = fX (V7n€7T7ni)
Ny = f77 (V,’I’Le,T,’I’Li)

> {ni[Ris (Jo) 4 Ciil = ni (Ryg (Jo) + Ca)} =0

1£i
n,R;; = ni471'/ it (v) Jy, dv
hv
. i 2h 3
nyRy; :nlﬂllﬂ'/ Oéj(l/) ( v +Jy> dv
g; hv c?
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Two-level atom

d? [fu(2)Ju(2)]

2
dr;

= J,(2) — Su(z, Ju)

the source function may be written as (Mihalas 1978)

Sy, =(1-— 5)/gpyz,]yz dv' +eB,

/

o £
14
Co (1 _ e—hu/kT)
/
g p—

Ao
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Discretization

J — continuous function of z, v

# depth (z — d)
s equidistant in logm oOr log Tsome
s ~ 4 — 5 depth points per decade

# frequency (v — n)
s not equidistant
s need to resolve lines
s continuum edges
# angle (u — m)
» 3 directions

all quantities expressed as J,
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Discretized radiative transfer equation

for a frequency point n and angle m, depth points d =1,...,ND

agfa—1Ja—1 + (bafa +1) Ja + cafar1Ja+1 = Sa
(bifi+g1+1)J1+cifodJo=H + 51

anD fND—1JIND-1 + (bxDND + 98D + 1) IND = HT + Sxp

Bl 4 -1

ag = — _5 (ATd_% —|—ATd+%>ATd_%_
Bl 1—1

Cd = — -5 (ATd_% —I—ATCH_%)ATCH_%-

bd = —aq — C4.
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Discretized frequency integration

NF
/ J(v)dv — anJn
n=1

for lines, ensure that

NF
/gb(u) dv = angbn =1
n=1

if not, it is obligatory to renormalize w,

for continuum edges place 2 frequency points (on both
sides)
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Discretized angle integration

NF
/I(,u) dy — Z Wi dm
m=1

3 points sufficient if Gaussian quadrature is used

also necessary to check normalization

Non-LTE Line Formation for Trace Elements in Stellar Atmospheres, Nice 30.07.2007 —p. 13



Discretized equations of statistical equilibrium

foralld=1,...,ND,i=1,...,NL

> A)al(Ri)a+ (Cii)al = (ni)a [(Ra)a + (Ci)al} = 0

[#1
— (o)
1 ? = (n;)q4 n - n
(ni)a(Rir)a = (ni)d Wni_lﬁw o Jd
(Ckzl) thg
— —4
(n1)a(Ryi)a = () g WnE U, \ 2 + Jan
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Formal solution of the RTE

solution for given y,, and n, (given S,) — relatively simple

d? [fu(2)Ju(2)]

dr?

v

= Ju(2) —

# 2nd order differential equation
® same numerical scheme as for the

crucial for the total accuracy of the who

Sy(2)

—eautrier solution

e problem solution
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A iteration

radiative transfer equation for .J,

CUIE] 5y g0

v

formally may be written as
J,=A,S,

. . ESE RTE ESE
iteration scheme: J, — §, — J, — S, — ---

> {nf™ [Ru(57) + G| = 0™ [Ra() + Ca b =0
T = A, S0

converges extremely slowly for stellar atmospheres

Non-LTE Line Formation for Trace Elements in Stellar Atmospheres, Nice 30.07.2007 —p. 16



Complete linearization

to stellar atmospheres introduced by Auer & Mihalas (1969)
for the case of NLTE model atmospheres

solution of equations:

radiative transfer (.J,)
hydrostatic equilibrium (p)
radiative equilibrium (7')

© o o o

statistical equilibrium (n;)
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Complete linearization

to stellar atmospheres introduced by Auer & Mihalas (1969)
for the case of NLTE model atmospheres

for a restricted problem — NLTE line formation (Auer 1973)
solution of equations:

# radiative transfer (J,)

o statistical equilibrium (n;)
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Complete linearization

to stellar atmospheres introduced by Auer & Mihalas (1969)
for the case of NLTE model atmospheres

for a restricted problem — NLTE line formation (Auer 1973)
solution of equations:

# radiative transfer (J,)

o statistical equilibrium (n;)

vector of solution ¢ = (J1,. .., Jxg, 11, - - ., L)
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Complete linearization

vector of solution ¢ = (J1,. ..., Jxg. 11, . .., nNL),
dimension NF + NL

formally £ (@E) =0

current estimate vy

correct solution o = vy + 5
corrections

57 = — | %% (@) | - F ()

matrix NL + NF for each depth point d
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Complete linearization

radiative transfer equation (from Mihalas, 1978, Stellar atmospheres)

fd—l,na‘ld—l.n_[fdn ( 1 - 1 )+
ATy _ 172, nBTan ATy \ATy _12n ATay 12,

d l_nedae 5J +fd+l,n6‘]d+l,_n+
ol A AT
X dn Td + 1/2, n=""dn

=$ adnawd -1, n + bdnawdn + cdnawd +1,n " (ndn + ne, dUeJd) X

v 6xdn + Bnd" 2 oe']dn 5ne,d —

x%{n an xdﬂ‘
— Bdn = (Jdn - n, dae‘]dn + ndn)/an’ (739)
Agn = (.fdann o fd - 1.an - l,n)/(ATd - 172, nATgn)s (7.40)
Yan = Uandan = Ja + 1, nda + 1,0V BT4 4 172, nBTan)s (7.41)
Bdn = Qg + Yan» (7'42)

1
ag, = log, + 2 Ban(ATy _ 12 f/ BT g /(g _y , + @g,),  (7.43)

1
n = [Yan + 3 Ban(AT, 172, W/ BTN (g, + @y oy )y (7.44)

Cd =
bdﬂ = adn + Cdn’ (7-45)
Wyn = Xgn’ Pg- (7.46)
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Complete linearization

radiative transfer equation

AgdJg 1 +Bgdg+Cud gy = Ly
J=(J1,...,Jxp)

5and B Z 67%

5?”&[
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Complete linearization

radiative transfer equation

AgdJg 1 +Bgdg+Cud gy = Ly
J=(J1,...,Jxp)

5and B Z 67%

Agodpa—1+BgoJpa+ Cuodpar1 +Dgong g = Ly g

5?”&[
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Complete linearization

radiative transfer equation
AgoJy g1 +BgoJya+ Cuody g1 +Dgong g = Ly g

statistical equilibrium A-7 =0, @ = (n1, ..., nxL)

OA . b
OJpa  0Jng

[%ﬁ—@—FA] 5ﬁd—|—[
d

8ﬁ 0ﬁ ] 5Jn,d = bd — Ad Mg

Eqon; g +Fq0Jdpa = K q
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Complete linearization

radiative transfer equation

Agodpa—1+Bgodpa+ Cuodpas1 +Dgong g = Ly g
statistical equilibrium

Eqon g +Fq0Jpq = K q
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Complete linearization

radiative transfer equation

Agodpa—1+Bgodpa+ Cuodpas1 +Dgong g = Ly g

statistical equilibrium

Ob,
0Jp

Eqon g +Fq0Jpq = K q
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Complete linearization

radiative transfer + statistical equilibrium
'5Jg 1 + B0 Ty + CLe Ty = L

Jy=(J1,....,Jxp),d=1,...,ND
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Complete linearization

reformulation using net radiative bracket (Auer & Heasley 1976)

(0Z¢) g = (ni)a(0Rir)a — (n1)a(0Ryi)q

t — transition index

ESY Oni s
t

07,
57, + Ryit; + S;07) = L

@ni 377/[ e 6%2 @nl
1 —— ) 0Zy = L4— 71— Zy
( +RtaZt+St82t>5 p =Ly thaz 0Zy—Sy Y 0Ly

system is solved for (Z;)4

Non-LTE Line Formation for Trace Elements in Stellar Atmospheres, Nice 30.07.2007 — p. 21



Accelerated lambda iteration

huge matrices in complete linearization — laborious and

computationally expensive
simple A-iteration — convergence problems

way out —> Accelerated lambda iteration (ALI)
(Cannon 1973)

formal solution
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Accelerated lambda iteration

huge matrices in complete linearization — laborious and

computationally expensive
simple A-iteration — convergence problems

way out —> Accelerated lambda iteration (ALI)
(Cannon 1973)

formal solution

J, = A%S, + A, S, — A%S,
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Accelerated lambda iteration

huge matrices in complete linearization — laborious and

computationally expensive
simple A-iteration — convergence problems

way out —> Accelerated lambda iteration (ALI)
(Cannon 1973)

formal solution

J, = A%S, + (A, — A%) S,
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Accelerated lambda iteration

huge matrices in complete linearization — laborious and

computationally expensive
simple A-iteration — convergence problems

way out —> Accelerated lambda iteration (ALI)
(Cannon 1973)

formal solution
J,=N,S, + (A —A) S,
iteration scheme

J(n—i—l) _ A;I;SSH_D X (Ay B A;i) Slgn)

v
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Accelerated lambda iteration

huge matrices in complete linearization — laborious and

computationally expensive
simple A-iteration — convergence problems

way out —> Accelerated lambda iteration (ALI)
(Cannon 1973)

formal solution
J,=N,S, + (A —A) S,
iteration scheme

J(n—i—l) _ A;I;SSH_D X (Ay B A;i) Slgn)

174
.

-~

AJS
correction term
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Accelerated lambda iteration

huge matrices in complete linearization — laborious and

computationally expensive
simple A-iteration — convergence problems

way out —> Accelerated lambda iteration (ALI)
(Cannon 1973)

formal solution
J,=N,S, + (A —A) S,
iteration scheme

J(n—i—l) _ A;I;SSH_D X (Ay B A;i) Slgn)

174
.

-~

AJS
correction term

compare: J"Y — A, s
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Accelerated lambda iteration

iteration scheme

AJ — correction term

RTE ESE+4ALI
SV —_— Jy, AJV

solution of the radiative transfer equation is transferred
to the solution of the statistical equilibrium equations

)SV%...
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Accelerated lambda iteration

iteration scheme

Ji ) radiative rates

niRil = 77447'(/ @il(V) {AiSSH_l) —+ AJﬁnq dV
hv

1 1] 2 J n n
ny Ry, = nlg—47'('/ 2ij (V) ( h2u + {A;S§ 1) —|—AJ£ >}> dv
g; hv C
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Accelerated lambda iteration

equations of statistical equilibrium

> {ni [Rii (ni,ng) + Ci] = ng (Ryg (na, ) + Cyg)} = 0
£

fori=1,...NL

o ALl eliminated radiation field from the explicit solution

#® equations of statistical equilibrium are nonlinear in n;, n;
# savings important, for a typical problem NF ~ 10000
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Accelerated lambda iteration

equations of statistical equilibrium

> {ni [Rii (ni,ng) + Ci] = ng (Ryg (na, ) + Cyg)} = 0
£

solution by
o Newton-Raphson method (linearization)
# preconditioning
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Summary

two basic methods of the solution of the RTE+ESE system
1. complete linearization (Kiel)
2. accelerated lambda iteration (DETAIL)
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